Abstract. It is often the case that a covering map of the open annulus is semiconjugate to a map of the circle of the same degree. We investigate this possibility and its consequences on the dynamics. In particular, we address the problem of the classification up to conjugacy. However, there are examples which are not semiconjugate to a map of the circle, and this opens new questions.
Introduction.
Let A be the open annulus (0, 1)×S 1 . If f : A → A is a continuous function, then the homomorphism f * induced by f on the first homology group H 1 (A, Z) ≡ Z, is n → dn, for some integer d. This number d is called the degree of f . If f is a covering map, any point x ∈ A has an open neighborhood U such that f −1 (U ) is a disjoint union of |d| open sets, each of which is mapped homeomorphically onto U by f .
In this article we consider the dynamics of covering maps f : A → A of degree d, with |d| > 1. Our interest is focused on the existence of a semiconjugacy with m d (z) = z d acting on S 1 . In general, looking for semiconjugacies with maps with known features is useful to classify, to find periodic orbits, to calculate entropy. The case of coverings where d = ±1 (i.e annulus homeomorphisms) has been extensively studied. In particular, much work has been devoted to use the rotations as models for the dynamics of other homeomorphisms. That is, is it possible to decide if a homeomorphism of the annulus that is isotopic to the identity is conjugate or semi-conjugate to a rotation?
The case of the circle is classical: An orientation-preserving homeomorphism of the circle is semi -conjugate to an irrational rotation if and only if its rotation number is irrational, and if and only if it has no periodic points [Poin] . Poincaré's construction of the rotation number can be generalized to a rotation set for homeomorphisms of the (open or closed) annulus that are isotopic to the identity (see, for example [BCLP] ). If one focuses on pseudo-rotations, the class of annulus homeomorphisms whose rotation set is reduced to a single number α, it is natural to ask the following question: how much does the dynamics of a pseudo-rotation of irrational angle α look like the dynamics of the rigid rotation of angle α? (see [BCLP] , [BCL] for results on this subject). Even in the compact case (i.e irrational pseudo-rotations of the closed annulus) it is known that the dynamics is not conjugate to that of the rigid rotation. Furthermore, examples that are not even semi-conjugate to a rotation in the circle can be constructed using the method of Anosov and Katok [AK] (see [FatHe] , [FayK] , [FayS] , [Ha] , [He] for examples and further developments about this method).
In contrast, any endomorphism of the closed annulus of degree d is semi conjugate to z d on S 1 . One way to show this (that is developed in this paper) is to generalize the concept of rotation number for endomorphisms and to show that it is a continuous map onto S 1 that semi-conjugates with z d (see Corollary 6 in Section 2.2). However, this is no longer true without compactness. We construct examples of degree d covering maps of the open annulus that are not semiconjugate to z d on the circle.
The results obtained in [IPRX] give further motivation for our study, as covering maps of the annulus arise naturally when studying surface attractors. A connected set Λ is an attracting set of an endomorphism f on a manifold M if there exists a neighborhood U of Λ such that the closure of f (U ) is a subset of U and Λ = ∩ n≥0 f n (U ). The attracting set is called normal if f is a local homeomorphism of U and the restriction of f to Λ is a covering of Λ.
Let M be a compact surface, f an endomorphism of M and Λ a normal attractor of f . Assume that f is d : 1 in Λ. Then, it is shown in [IPRX] that the immediate basin B 0 (Λ) of Λ is an annulus and the restriction of f to it is a d : 1 covering map. Moreover, if A is an invariant component of B 0 (Λ) \ Λ, then A is also an annulus and f is a d : 1 covering of A. Finally, if Λ is a hyperbolic (normal) attractor, then Λ is homeomorphic to a circle and the restriction of f to Λ is conjugate to z → z We address all of these questions in this paper. The answer to (1) is no, while the answer to (2) and (3) is yes; the proof of these statements is contained in Section 4. The more general question whether or not any covering map of the open annulus is semiconjugate to m d has a negative answer as was already pointed out, and a counterexample is given in Section 3.3.
In sections 2 and 3 we find sufficient conditions for the existence of a semiconjugacy with m d (z) = z d in S 1 . In addition, in section 2, we give a method to construct semiconjugacies, based on the rotation number, that applies always to covering maps of the circle. This leads to a classification up to conjugacy for coverings of the circle. At first, we tried to extend, at least in part, this classification to coverings of the annulus. The results obtained throughout this work show however, that a generalization is very difficult, even for maps having empty nonwandering set.
In section 4 we give necessary conditions for an annulus covering to be semiconjugate to m d in the circle, and obtain a counterexample. This counterexample has empty nonwandering set.
There are few references to coverings of the annulus in the literature. The better known family of examples is given by:
where λ is a positive constant less than 1, and τ : S 1 → R is a continuous function. The map with τ = 0 was introduced by Przytycki ([Prz] ) to give an example of a map that is Axiom A but not Ω-stable. Then Tsujii ([Tsu] ) gave some examples having invariant measures that are absolutely continuous respect to Lebesgue. In [BKRU] the topological aspects of the attractor are studied and examples of hyperbolic attractors with nonempty interior are given. Note that in these examples the attracting sets cannot be normal, on account of the results of [IPRX] cited above.
In a subsequent work about coverings of the annulus we will investigate some questions about the existence of periodic cycles.
2. Sufficient conditions for the existence of semiconjugacies.
In this section we will show how to construct semiconjugacies of covering maps. The first method, an extension of the rotation number is first defined for circle maps of degree of absolute value greater than one. In the case of circle maps, the rotation number always exist, even if the map is not a covering. This immediately induces a semiconjugacy to m d (z) = z d . We will give some consequences to the classification of covering maps of the circle in the first subsection. In the second subsection, we will give some sufficient conditions for the existence of the rotation number for maps of the annulus and introduce the shadowing argument. In the final part of this section we introduce the repeller argument, a condition for the existence of semiconjugacies, that in subsequent sections is also seen to be necessary.
2.1. The rotation number. Let f be a continuous self map of S 1 of degree d, with |d| > 1. The circle S 1 is considered here as {z ∈ C : |z| = 1} and its universal covering projection as the map π 0 : R → S 1 , π 0 (x) = exp 2πix ∈ S 1 . Note that f has a fixed point, and that we may assume that this fixed point is 1. Takef : R → R to be the lift of f that fixes 0. Proposition 1. For every x ∈ R the limit lim n→∞f n (x) d n exists and defines a continuous function ρ(x) such that ρ(x + 1) = ρ(x) + 1 for every x and ρ(f (x)) = dρ(x). If f is a covering map, thenf is monotonic, so ρ is monotonic.
The proof begins with a simple lemma. Lemma 1. Let {y n } n≥0 be a sequence of real numbers such that |y n+1 − dy n | ≤ C for all n ≥ 0 for some constant C. Then there exists a uniqueȳ ∈ R such that {|d nȳ − y n |} n≥0 is bounded. In particular, y n /d n converges.
Proof:
The uniqueness statement is trivial since |d| > 1. Note that the sequence {τ n } n≥0 defined by τ n = y n /d n satisfies |τ n+1 − τ n | ≤ C/|d| n , from which it follows that τ n is convergent to some pointȳ. Notice that
This implies |d
nȳ − y n | ≤ C|d| |d|−1 . Proof of proposition 1. The mapf is a lift of f , so |f (x) − dx| ≤ |d| for all x ∈ R. Then for every x and positive n it holds that |f n+1 (x)−df n (x)| ≤ |d|, so the existence of the limit is consequence of the lemma above. To prove the continuity of the limit ρ(x), take n ∈ N, x ∈ R and let J ∈ Z be such thatf
) for every positive m. Then, dividing by d m+n and taking limit, it comes that ρ(x) belongs to the closed interval with extreme points d −n (J − 1) and d −n (J + 1). Given ǫ, take n such that 2/|d| n < ǫ. Then choose δ such thatf n (y) ∈ (J − 1, J + 1) for every y in the δ-neighborhood of x and apply the above equation also for y to obtain that ρ(y) is ǫ-close to ρ(x).
The remaining assertions are immediate. Given z ∈ S 1 , take x ∈ R such that exp 2πix = z and define h f (z) = exp 2πiρ(z). It follows easily that h f is a semiconjugacy.
Corollary 1. The function ρ of the above proposition induces a semiconjugacy
At the beginning of the next subsection we will explain when this construction can be carried on for annulus maps. But first we will use the previous corollary to obtain some consequences for one dimensional dynamics.
Definition 2. Let f be a covering map of the circle, and h f the semiconjugacy to
) is a nontrivial interval, meaning that it does not reduce to the point {x}.
Some properties are:
(1) f is conjugate to m d if and only if Λ f is empty.
f (x) is a closed nontrivial interval, because the function ρ of Proposition 1 and Corollary 1 is monotonic. (5) Any component of the interior of Λ f is a nontrivial interval; if it is not wandering, then it is (pre) periodic, and every point in it is asymptotic to a periodic point. (6) For h f as in Corollary 1, note that h f (Λ f ) is completely invariant under m d , so it is dense in S 1 , but is not the whole circle since it is countable.
The first application of the existence of h f describes all the transitive covering maps of the circle. A map is transitive if there exists x ∈ S 1 such that its forward orbit is dense in S 1 .
Corollary 2. Let f :
Proof: We know that f is semi-conjugate to z d . Recall from property (1) above that f is conjugate to z d if and only if Λ f = ∅. Suppose that Λ f contains a nontrivial interval I. Let x ∈ S 1 be such that its forward orbit is dense. Then, there exists n ≥ 0 such that f n (x) ∈ I and m > n such that f m (x) ∈ I. It follows from property (5) above that I is a periodic interval, contradicting that the forward orbit of x is dense.
The nonwandering set of every covering of f is defined as the set of points x such that for every neighborhood U of x there exists an integer n > 0 such that f n (U ) ∩ U = ∅. The nonwandering set of f is denoted by Ω(f ). Proof: If x is a nonwandering point of f that is not periodic, then x does not belong to Λ f . It follows that the image under h f of a neighborhood U of x is an interval with nonempty interior in S 1 . As the m d -periodic points are dense, it follows that the interior of h f (U ) contains a periodic point, say p. Then the endpoints of h −1 f (p) must be periodic points of f , and one of them is necessarily contained in U .
The last application is a classification of coverings of the circle. The classification is roughing speaking, in terms of the following data: given a map f , give the degree of f , the set h f (Λ f ), that is, which orbits of m d belong to the image of a Plateau of h f and an equivalence class of homeomorphisms of the interval for each periodic orbit of f that belongs to Λ f . The construction is a little bit complicated as m d has a lot of self-conjugacies.
First look at the self conjugacies of m d , that is, the set of homeomorphisms of the circle that commute with m d .
In other words, if {α j : 0 < j ≤ d − 1} denote the (d − 1)-roots of unity, c j is the rotation of angle α j andc(z) =z is complex conjugacy, then the set of self conjugacies of m d is the group generated by the c j andc. Note that the set h f (Λ f ) may contain a periodic orbit; in this case Λ f contains a periodic interval. Assume I is a component of Λ f such that f n (I) = I. Then the restriction of f n to I is conjugate to a homeomorphism of the interval. Let ϕ 1 : I 1 → I 1 and ϕ 2 : I 2 → I 2 be homeomorphisms, where I 1 and I 2 are closed intervals. Then ϕ 1 and ϕ 2 are equivalent if they are topologically conjugate. The quotient space is denoted by H and the class of a homeomorphism ϕ is denoted by [ϕ] . Then one may assign an element [f
for every j > 0, this correspondence depends on the orbit of the interval and not on the choice of I.
Given maps τ i : Λ i → H, where Λ i is a m d completely invariant nontrivial subset of S 1 for i = 1, 2, say that τ 1 is equivalent to τ 2 if there exists c ∈ G d such that cΛ 1 = Λ 2 and τ 1 = τ 2 c. The equivalence class of τ is denoted by [τ ] .
Next we define the data D f associated to f as follows:
(1) An integer of absolute value greater than one, the degree
, where n is the period of x.
is defined as the class of the identity.
Theorem 1. Two covering maps f and g are conjugate if and only if
Proof: Assume first that f and g are conjugate, and let h be a homeomorphism of S 1 such that hf = gh. It follows that each point z in S 1 has the same number of preimages under f or g. This implies that the degree of f and g are equal. Next consider the semiconjugacies h f and h g such that
Finally, note that if z ∈ h g (Λ g ) and
If z is periodic for m d , with period n, then the restriction of g n to J is conjugated to the restriction of f n to I; moreover, as
) and τ f = τ g c. The conjugacy ψ between f and g will be obtained by solving the equation
Let I be a component of Λ f , and assume first that it is not (pre-) periodic. Then there is a component J of Λ g such that h g (J) = c(h f (I)). As I and J are wandering intervals, one can choose any increasing homeomorphism ψ from I to J. There exists a unique extension of ψ| I to the f -grand orbit of I (∪ n∈Z f n (I)) such that h g ψ = ch f . Note that the image of the f -grand orbit of I under ψ is the ggrand orbit of J. Now assume that I is an f -periodic interval. Then there exists a component J of Λ g such that h g (J) = c(h f (I)), that must be g-periodic as well, and with the same period, say n.
), it follows that the restrictions of f n to I and g n to J are conjugate, say by a homeomorphism ψ. Then one can proceed as above to extend ψ to the grand orbit of I. The fact that ψ is a homeomorphism follows from the equation
The space H is uncountable, so the set of conjugacy classes of coverings of the circle is also uncountable. However, restricting to the class of maps having all its periodic points hyperbolic, we state the following question: How many equivalence classes of coverings are there? This question should be rather easy if it is shown that every non pre-periodic orbit of m d can be contained in the image of h f (Λ f ) for some f . However, wandering intervals are forbidden under stronger assumptions. Note that a C 2 covering f may have points z where f
Proof: The corollary follows by two strong theorems. On one hand, Mañé proved that under these hypothesis the set of attracting periodic orbits is finite. See Chapter 4 of [MS] , where it is also proved that there cannot be wandering intervals in these cases.
2.2. The shadowing argument. We have seen in the previous subsection some applications of the generalized rotation number for covering maps of the circle. The question now is to what extent this can be carried out when f is an annulus covering, or just a degree d (|d| > 1) annulus endomorphism. Let A be the open annulus, A = (0, 1) × S 1 and f a degree d covering map of A. We will use some standard notations: the universal covering projection is the map π :Ã = (0, 1) × R → A given by π(x, y) = (x, exp(2πiy)). We will denote byf any lift of f to the universal covering, that is,f is a map satisfying f π = πf . Note that
n (x 0 , y 0 ), where n ≥ 0. As a Corollary of the proof of Proposition 1 we have:
exists for every (x 0 , y 0 ), and is denoted by ρ(x 0 , y 0 ). The function ρ is continuous and satisfies ρf (x 0 , y 0 ) = dρ(x 0 , y 0 ), and ρ(x, y + 1) = ρ(x, y) + 1.
In particular, the projection of ρ to the annulus gives a semiconjugacy between f and m d .
Moreover, ρ(x 0 , y 0 ) is the unique real numberȳ for which it holds that sup n {|y n − d nȳ |} is bounded. In this sense, the orbit of (x 0 , y 0 ) under f is shadowed by the orbit of ρ(x 0 , y 0 ) under multiplication by d. We will need to extend these arguments to obtain more consequences.
Assume that K is a compact subset of (0, 1). Then there exists a constant C K , depending on K, such that |y 1 − dy 0 | ≤ C K for every (x 0 , y 0 ) ∈ K × [0, 1]. Now assume that y 0 is any real number, take y ′ 0 ∈ [0, 1) such that y 0 − y ′ 0 is an integer, and note that y 1 = y
Proof: Let (x 0 , y 0 ) ∈Ã. By hypothesis x n ∈ K for every n ≥ 0. It follows by equation (1) that |y n+1 − dy n | ≤ C for every n ≥ 0, then the assertion of the proposition is consequence of Lemma 1.
Corollary 6. Assume f is a covering of the closed annulusĀ. Then there exists a semiconjugacy of f with the map
Proof: Applying the previous proposition to K = [0, 1] one obtains that the functionh : [0, 1] × R → R defined byh(x, y) =ȳ induces the semiconjugacy in the annulus, the proof is the same as for the one dimensional case. We say that an open subset U ⊂ A is essential, if i * (H 1 (U, Z)) = Z, where i * :
is the induced map in homology by the inclusion i : U → A. We say that a subset X ⊂ A is essential if any neighbourhood of X in A is essential. Equivalently, a subset X ⊂ A is essential if and only if it intersects every connector.
1 , because h * = Id and every neighbourhood of X is essential. Then, by continuity h(X) = S 1 .
Corollary 7. If X ⊂ A is compact and f (X) ⊂ X, then there exists a continuous function h :
Moreover, if f −1 (X) = X or X is connected and essential then h is surjective.
Proof: LetX = π −1 (X). Note that as X is compact, there exists a compact set K ⊂ (0, 1) such thatX ⊂ K ×R. So, we may apply Proposition 2 as in the previous
If X is connected and essential, h must be surjective as was pointed out in the previous remark .
As an application, let U be an open set homeomorphic to an open annulus and
2.3. The repeller argument.
Definition 3. A subset C of A is called a connector if it is connected, closed, and has accumulation points in both components of the boundary of A.
In other words, given r > 0 there are points (x, y) and (x ′ , y ′ ) in C with x < r and
connector is called trivial if its complement contains a connector.
If f is a degree d covering map of the annulus, then each connected component of the preimage of a connector is a connector. The preimage of a trivial connector is equal to the disjoint union of d trivial connectors.
Note also that just one connected component of the complement of a trivial connector contains a connector. This follows from the fact that the union of two disjoint connectors separates the annulus, and so the existence of two connectors in different components of the complement of C implies that C is disconnected. When C is trivial, the component of A \ C that contains a connector is called the big component of the complement of C. LetD i be defined as the intersection for n ≤ 0 of the sets D
ThenD i is a repelling connector:
(1) It is closed in the open annulus because for every n > 0 the closure of
is connected and the sequence is decreasing. (3) It is an invariant repeller by construction.
It also follows from the construction that the complement of each repellerD i is connected. This will be used in the next result. . Consider the component ∆ j betweenD j andD j+1 . Note that by the construction of the repelling connectors in Proposition 3, any point in ∆ i has two f -preimages in ∆ i , while every point outside ∆ i has exactly one preimage in ∆ i . It follows that for each 1 ≤ j ≤ d − 1, the set f −1 (D j ) has exactly one component in ∆ i . It follows that there exists a unique way of extending h to the preimage of the connectors in such a way that it still preserves the cyclic order and the semiconjugacy condition. One can argue as above to obtain that in each component of the complement of f −1 (∪D i ) there exists exactly one component of f −2 (D j ), and this holds for each j.
It is claimed now that h can be uniquely extended to a semiconjugacy from f to m d . Let x arbitrary in the annulus and let ǫ = 1/d n be given. Let U be a neighborhood of x not intersecting ∪ n j=0 f −j (D i ) for every i. Then the image of U under h has length less than ǫ. It follows that h is continuous. The condition h * = id follows by construction. Proof: The preimage of a trivial connector C has exactly d components, each one of which is a trivial connector. So, if C is invariant, then f −1 (C) is equal to the union of C plus d − 1 connectors C 1 , . . . , C d−1 . Each of the C i is a trivial free connector, hence the previous corollary applies directly.
, where ϕ(x) is a homeomorphism of [0, 1] such that every point has ω-limit set equal to 1. Note that f cannot be extended to the closed annulus. However, using Corollary 9, there exists a semiconjugacy between f and m 2 . Indeed, take p ∈ A and a simple arc γ joining p and f (p) such that γ(t) = (x(t), z(t)) with x(t) an increasing function. So, C = ∪ n∈Z γ n is an invariant connector, where γ n = f n (γ) for n ≥ 0, and for n < 0, γ n is defined by induction, beginning with γ −1 being the lift of γ(1 − t) starting at x. Note that C is trivial, due to the choice of γ with increasing x(t) and the formula for f .
Necessary conditions.
Throughout this section we will assume that there exists a semiconjugacy h between a covering map f of degree d (d > 1) of the annulus and
It is as always assumed that the map h * induced by h on homotopy is an isomorphism.
Lemma 3. Let p and q be fixed points of f . The following conditions are equivalent:
(1) There exists a curve γ from p to q such that γ n (1) = q for every n > 0, where γ n is the unique lift of γ by f n that begins at p. (2) There exists a curve γ from p to q such that f γ and γ are homotopic with fixed endpoints.
is not nulhomotopic. If the lift of β under f n is a closed curve for every n ≥ 0, then the curve β = 0 belongs to ∩ j≥0 f j * (Z), where f * is the induced map in homology. This cannot hold since f * is multiplication by d.
(2) implies (1): If f (γ) is homotopic to γ, then the final point of γ 1 is q, because γ −1 .γ is the lift of the null homotopic curve γ −1 .f (γ). It follows also that γ −1
1 .γ is null, so the same argument shows that γ −1 2 .γ 1 is null, and so on. (3) implies (2): Let C x,y (A) be the quotient space of curves from x to y in the annulus, where two curves are identified whenever there is a homotopy with fixed endpoints between them. It is easy to see that the hypothesis on h imply that h induces a bijection h * from C x,y (A) to C h(x),h(y) (S 1 ). Therefore, h(p) = h(q) implies that there exists a curve γ from p to q such that hγ is null-homotopic. Then hf γ = (hγ) d is also null homotopic. It follows that f γ is homotopic to γ, because h * x,y is injective.
(2) implies (3): Let γ be as in (2). Then,
3.1. Connectivity. Denote by A * the compactification of the annulus with two points, that is A * = A ∪ {N, S}. Considered with the natural topology, it is homeomorphic to the two-sphere. We will use the spherical metric in A * .
Lemma 4. Let h be a semiconjugacy between f and m d . Then h −1 (z) contains a connector, for every z ∈ S 1 .
Proof: Let X = h −1 (z) and notice that every connected component of X is contained in a topological disk of A. Otherwise, X would be an essential subset of A and h| X would be surjective (see Remark 1), a contradiction.
Suppose that X does not contain a connector. This means that every connected component of X is either a bounded subset of A or accumulates on N but not on S or vice-versa. Let C N be the set of connected components of X accumulating on N , and C S be the set of connected components of X accumulating on S. So, A ′ = A\{C N ∪ C S } is homeomorphic to an annulus, as it complement in the sphere A * has exactly two connected components. As every connected component of X is contained in a topological disk of A, the set of bounded connected components is contained in some closed disk D of A. So, U = A ′ \D is an open set contained in A\X that contains an essential loop of A. So, h| U is surjective because h * = Id, contradicting the fact that h(U ) does not contain z.
The following result completed with Corollary 9 implies that f is semiconjugate to m d if and only if there exists a nontrivial invariant connector.
Corollary 10. With f as above, there exists an invariant trivial connector contained in h
−1 (1).
Proof: Use the previous lemma to obtain a connector C in h −1 (1) and assume it is maximal (not contained in a larger connector in h −1 (1) ). As h is a semiconjugacy, C is trivial. If C is not free, then it is invariant, and if it is free, then the repeller argument (section 3) provides an invariant connector.
We will use the following two propositions to construct an example of d : 1 covering of the annulus that is not semi-conjugate to z d .
Proposition 4. If there exists a semiconjugacy h from f to m d , then there is a lift
h : (0, 1) × R → R of h and a liftf of f such thathf = d.h. Moreoverh satisfies the following property: Given a compact set K ⊂ (0, 1) there exists a constant M depending on K such that |h(x, y) − y| ≤ M for every x ∈ K and y ∈ R.
Proof:
Note that for any lifth of h,h(x, y + 1) =h(x, y) + 1, since h * = id. Take any liftf ′ of f , and note that ashf ′ and dh are lifts of the same map,hf
There exists a constant M such that |h(x, y) − y| ≤ M for every x ∈ K and y ∈ [0, 1], since this set is compact, buth(x, y + 1) =h(x, y) + 1 implies that the same constant M bounds |h(x, y) − y| for x ∈ K and y ∈ R.
3.2. Bounded preimages. We note γ 1 ∧ γ 2 the algebraic intersection number between two arcs in A whenever it is defined. In particular, when both arcs are loops, when one of the arcs is proper and the other is a loop or when both arcs are defined on compact intervals but the endpoints of any of the arcs does not belong to the other arc. For convention, we set c ∧ γ = 1 if c : (0, 1) → A and γ : [0, 1] → A verify: c(t) = (t, 1), γ(t) = (1/2, e 2πit ).
Note that the arc c is a connector whose intersection number with any loop in A gives the homology class of the loop.
If α is a loop in A, denote by jα the concatenation of α with itself j times. Proof. Let h be the semiconjugacy between f and m d and leth andf be the lifts of h and f verifyinghf = dh. Take a, b ∈ (0, 1) such that the setK = [a, b] × R contains π −1 (K). By Proposition 4 above, there exists a constant M such that |h(x, y) − y| ≤ M whenever (x, y) ∈K.
Proposition 5. Let f be a covering of the open annulus
Take α, n, j and β as in the statement. Letβ be a lift of β to the universal covering. As the endpoints of β belong to K, then the extreme points (x 1 , y 1 ) and (x 2 , y 2 ) ofβ belong toK. Note that it is enough to show that |y 2 − y 1 | is bounded by a constant C K . We will prove that this holds with C K = 2M + 1.
Note thatf n (x 1 , y 1 ) andf n (x 2 , y 2 ) are the endpoints of a lift of jα to the universal covering. This means that |f
Finally, using that the endpoints of β belong to K, it follows that
3.3. Counterexample. Now we construct f , a covering of the open annulus for which the condition (*) introduced in Proposition 5 does not hold. This implies that f is not semiconjugate to m d . Let {a n : n ∈ Z} be an increasing sequence of positive real numbers such that a n → 0 when n → −∞ and a n → 1 when n → +∞. Define the annuli A n as the product [a n , a n+1 ] × S 1 , for each n ∈ Z. Let also λ n be the affine increasing homeomorphism carrying [0, 1] 
Assume f constructed until the annulus A n−2 for some n and we will show how to construct the restriction of f to A n−1 . We will suppose that f (a k , z) = (a k+1 , z 2 ) for every k ≤ n − 1 and every z ∈ S 1 . Let α be a curve in A 0 such that (1) α joins (a 0 , 1) with (a 1 , 1).
(2) The lift α 0 of α to the universal covering that begins at (a 0 , 0), ends at (a 1 , n).
Note that f n−1 is already defined in A 0 . To prove that such an α exists, take first any α ′ satisfying the first and second conditions. Then f n−1 (α ′ ) is a curve joining (a n−1 , 1) with (a n , 1). Maybe f n−1 (α ′ ) is not simple, but there exists a simple curve β homotopic to f n−1 (α ′ ) and with the same extreme points. Then define α as the lift of β under f n−1 that begins at the point (a 0 , 1). Choose any simple arc β ′ disjoint from β and contained in A n−1 , joining the points (a n−1 , −1) and (a n , −1). Note that f −(n−1) (β ′ ) is the union of 2 n−1 curves, all of them disjoint from α. Choose any one of these curves and denote it by α ′ . Note that it does not intersect α. Observe that there is a lift α ′ 0 of α ′ that begins in a point (a 0 , t) and ends at (a 1 , n + t) in the universal covering. Then choose a point Y ∈ α ′ whose lift Y ′ in α ′ 0 has second coordinate greater than n. Also choose a point X in α whose lift X ′ in α 0 has second coordinate less that 1/2. Observe that f n−1 (X) ∈ β and f n−1 (Y ) ∈ β ′ . The complement of β ∪ β ′ in the interior of A n−1 consists of two open discs, each one of which homeomorphic to the complement of s in the interior of A n , where s is the segment {(x, 1) : a n < x < a n+1 }. Then it is possible to take a homeomorphism from each of these components and extend it to the boundary in such a way that the image of β is s and the image of β ′ is also s, and carrying X and Y to the same point p ∈ s. If the homeomorphisms are taken carefully, they induce a covering f from A n−1 to A n . Now take a simple essential closed curve γ contained in A n and with base point p. Note that for some j ∈ [1, . . . , 2 n−1 ], the curve jγ lifts under f n to a curve joining X to Y . But the difference between the second coordinates of Y ′ and X ′ is greater than n − 1. By the remark preceding Proposition 5, it follows that the intersection number of a lift of jγ and the connector c in A 0 exceeds n − 1. Taking K = A 0 in Proposition 5, note that C K ≥ n − 1, and as this can be done for every positive n, it follows that f does not satisfy condition (*). 3.4. Inverse limit. Here we will define the inverse limit of a covering f and prove that if f has a fundamental domain, then its inverse limit is semiconjugate to the inverse limit of m d . This shows that for the example given above, even that f is not semiconjugate to m d , the semiconjugacy can be defined on inverse limits. It follows that one of the components of the boundary of A 0 , denoted ∂ − (A 0 ), is the preimage of the other component of the boundary of A 0 , denoted ∂ + (A 0 ). The preimage of a fundamental domain is also a fundamental domain, but not the image. For instance, take p d (z) = z d in the punctured unit disc, D \ {0}, let γ be a simple closed curve (close to a circle) centered at the origin but that is not symmetric with respect to the origin, this means there exists a point x ∈ γ such that −x / ∈ γ. Then p
is not a simple curve. It follows that the set of points between γ and p
If f has a fundamental domain, then the ω-limit set and α-limit set of every point x are empty. Furthermore, the nonwandering set of f is also empty. To prove this, assume that x 0 is a nonwandering point. Then there exists an f -orbit of x 0 , denoted {x n } n∈Z , contained in Ω(f ). It follows there exists at least one k ∈ Z such that x k ∈ A 0 . But a point in A 0 cannot be nonwandering. Here, a semiconjugacy is a continuous surjective map h :
Proof: Let A 0 be a fundamental domain for f . Then σ f has a fundamental domain A 0 defined as the set of pointsz such that z 0 ∈ A 0 . However, the map σ d does not have a fundamental domain; note, for instance, that its nonwandering set is the whole S d . Then the image under a semiconjugacy of the fundamental domain of σ f must be the whole S d . It suffices to construct the semiconjugacy h inĀ 0 . One has to define functions h n :Ā 0 → S 1 to determine h = {h n }. It begins with the choice of a surjective map from A 0 to S 1 , the function h 0 will depend just on the 0-coordinate of a pointz ∈Ā 0 . It is obvious how to define h n for n positive, but for negative n, one has to determine regions where f n is injective. We proceed to do this. Take any simple arc γ 0 joining a point x ∈ ∂ − (A 0 ) with the point f (x) ∈ ∂ + (A 0 ). The curve γ 0 is a connector of A 0 . Then f −1 (γ 0 ) is equal to the union of d simple arcs, each one of which is a connector of A −1 = f −1 (A 0 ). We assume that these arcs are enumerated as γ We will first define a function φ : A 0 → S 1 satisfying some conditions. The function φ will be used to define h 0 ; indeed, h 0 (z) will depend only on the value of z 0 , and will be equal to h 0 (z) ifz belongs toĀ 0 . The conditions imposed on φ are: 1. φ is continuous, 2. φ carries γ 0 to {1}. 3. φ carries the circle
). The last assertion allows to define φ(f (y)) = m d (φ(y)) whenever y ∈ ∂ − (A 0 ). To define h, begin with a pointz = {z n } n∈Z contained in A f , and assume that z 0 ∈ A 0 \ ∂ − (A 0 ). Assume also that z 0 / ∈ γ 0 . Then, for each positive n, the point z −n belongs to D 
By construction, each h n is continuous, from which it follows that h is continuous. Note also that the image of this map is all S d .
This concludes the definition of the restriction of h to the fundamental domain of σ f .
To define h in the whole A f , take anyz ∈ A f , Then there exists a unique
Basins.
Let f be an endomorphism of a surface M having an attracting set Λ which is normal (see definition in the introduction) and has degree d > 1; assuming that f has no critical points in the basin B 0 (Λ) of Λ, it comes that the restriction of f to the immediate basin of Λ is a covering of the same degree. Moreover, if C is a component of B 0 (Λ) \ Λ, then C is an annulus and if C is invariant, then f is a covering of C (see [IPRX] ). We will prove here that under these conditions, f in C is semiconjugate to m d . We note that this is not an immediate consequence of Corollary 6 because the closure of C is not necessarily a closed annulus.
The following example is illustrating on the situation. The map f (z) = z 2 − 1 is a hyperbolic map of the two-sphere having a superattractor at ∞. The restriction of f to the basin of ∞ is a degree two covering map of the annulus C \Ĵ conjugate to z → z 2 restricted to the exterior of the unit circle, where J is the Julia set of f andĴ is the filled Julia set. The restriction of f to the Julia set J (that is the boundary of the basin of ∞), is also a covering of degree two, but this map is not semiconjugate to m 2 . The Julia set is a curve, but is not a simple curve, and this prevents the existence of a semiconjugacy to m 2 in the circle.
The results mentioned above, proved in [IPRX] , imply that the Julia set of f cannot be the attracting set of a continuous map of the sphere. Indeed, if Λ is a connected attracting set, then there exists a basis B of neighborhoods of Λ, each homeomorphic to an annulus. Moreover each U ∈ B satisfies that the closure of f (U ) is contained in U . To do the proof we will need first the following corollary of a Theorem of F. Riesz and M. Riesz.
Lemma 5. There exists a universal covering
Proof. Note that as C is contained in a surface M , then one component ∂ + C of the boundary of C is contained in Λ and the other, ∂ − C, is disjoint to Λ. Consider C ∪ ∂ − C; identifying ∂ − C to a point p we obtain a simply connected set Ω. Moreover, Ω is conformally equivalent to the unit disk D because Λ cannot be reduced to a point, as f | Λ is d : 1 covering. Let q : C ∪ ∂ − C → Ω denote the quotient map, q(∂ − C) = p. Now let ϕ : Ω → D be the Riemann map carrying p to 0, and π : (0, 1) × R → D, π(x, y) = (x, e 2πiy ) ∈ R × S 1 = D \ {0}. Finally define π 0 = q −1 ϕ −1 π, well defined inC since q is injective in C. This implies item (1) in the assertion of the lemma.
The second item follows immediately from the following result of F.Riesz and M.Riesz: If β : (0, 1) → Ω is a curve such that lim t→0 β(t) ∈ ∂Ω, then the lim t→0 ϕ(β(t)) also exists.
Letf :C →C be a lift of f under π 0 . Note thatf (x, y + 1) =f (x, y) + (0, d), by the first item in the lemma above. We claim that there exists a curveγ : (0, 1) →C such that lim t→0γ (t) exists and belongs to {1} × R and lim t→0f (γ(t)) exists and belongs to {1} × R. To prove this, take any curve γ in C with an end in Λ, and let γ be any lift under π 0 . The second part of Lemma 5 implies thatγ has an end in {1} × R. The same conclusion holds forfγ, that is a lift of f γ that also has an end in Λ because f is defined and continuous in the whole manifold M .
Proof of Theorem 2: The item (a) was proved in the application of page 8. For proof of item (b), LetK = [1/2, 1] × R. Note that if (x, y) ∈C, then there exists n 0 such thatf n (x, y) ∈K for every n > n 0 . Let (x n , y n ) =f n (x, y) and we claim that |y n+1 − dy n | ≤ MK for every n > n 0 and some constant MK.
Letγ : [0, 1] →C be a simple curve such that both lim t→1γ (t) and lim t→1f (γ(t)) exist. Let t 0 = min t ∈ [0, 1] :γ(t) ∈K. Again, we may assume that t 0 = 0 and thatγ(0) ∈ ∂K. Letγ n (t) =γ(t) + (0, n) and take n 0 such thatγ n0 ∩γ = ∅. Given (x, y) ∈K,take t x such thatγ(t x ) = x. Letγ(t) = (x(t),ỹ(t)) andK 0 = {(x, y) :
This implies that there existsȳ ∈ R such that |y n − d nȳ | is bounded (arguing as in Lemma 1). Then H(x, y) =ȳ defines a semiconjugacy on R that induce a semiconjugacy on C.
Two homeomorphisms may have homeomorphic basins without being conjugate. However, when restricted to the trivial dynamics in B \ Λ, the fact that two fundamental domains are homeomorphic implies that the maps are conjugate. This is not true for coverings in general. We will consider the map
, admitting a fundamental domain, but whose restriction to (0, 1) × S 1 is not conjugate to p d . Given any degree d covering g of S 1 that is not conjugate to m d , the map f :
) is not conjugate to p d . As g is not conjugate to m d , there exists a periodic or wandering arc (a, b) ⊂ S 1 . Let ∆ = {(x, z) ∈ (0, 1) × S 1 : z ∈ (a, b)} and B a closed disc contained in ∆. Assume there exists a conjugacy H between f and p d . Note that f n (B) is a disc for every n > 0, because f n is injective in ∆. On the other hand, H(B) is a disc and so p n d
is not injective in H(B) for every large n. This is a contradiction.
Example 2. There exists a map f :
with fundamental domain, but it is not semiconjugate to p d . Note that f is defined in the closed annulus which implies that is semiconjugate to m d .
, where φ will be determined. The condition to be imposed on f is the following: there exists a point P such that the union for n > 0 of the sets f −n (f n (P )) is dense in an essential annulus A 0 ⊂ A. Assume that there exists a semiconjugacy h between f and p d . This means that hf = p d h, that h is surjective and is the identity on first homotopy group. It follows that h(A 0 ) must be a nontrivial circle. If, in addition, the annulus A 0 is a fundamental domain for f , then the range of h will be a countable union of circles, hence h is not surjective, a contradiction.
Let {a n : n ∈ Z} be an increasing sequence of positive real numbers such that a n → 0 when n → −∞ and a n → 1 when n → +∞. Define the annuli A n as the product [a n , a n+1 ] × S 1 , for each n ∈ Z. Let also λ n be the linear increasing homeomorphism carrying [0, 1] onto [a n , a n+1 ].
The construction of φ depends on two sequences. First letz = {z n : n < 0} be a preorbit of 1 under m d , that is, m d (z n ) = z n+1 for n < −1, and m d (z −1 ) = 1, and assume also that z −1 = 1, which implies that the z n are all different. Then take an elementν = {ν n } n<0 ∈ (0, 1) N . By appropriately choosing the function φ, it will come that the map f will be such that, for some P ∈ A 0 , the set f −n (f n (P )) contains the point (λ 0 (ν −n ), z −n ) for every n > 0.
It is clear that the sequencesν andz can be chosen in order to make the set ∪ n>0 f −n (f n (P )) dense in A 0 , which is a fundamental domain for f in A. Let P = (λ 0 (1/2), 1) be a point determined in the annulus A 0 . To define φ we will use the sequencesz andν. The definition of φ is by induction beginning in the annulus A 0 . Note that φ must carry the annulus A n into the segment [a n+1 , a n+2 ]. For each z ∈ S 1 , note that φ z (x) := φ(x, z) is a homeomorphism from the segment [a n , a n+1 ] onto the segment [a n+1 , a n+2 ].
We will first define φ 1 in its whole domain, and then, by induction on k, the restriction of φ to
, that is, φ 1 is affine, the image of P under f k is equal to (λ k (1/2), 1). Also define φ z−1 (λ 0 (ν −1 )) = λ 1 (1/2), this is the only condition asked for this map. It is obvious that φ can be extended to the annulus A 0 so as to satisfy this unique condition (it is used, of course, that z −1 = 1).
Next let k > 0, and define φ in A k assuming it is already known in A k−1 . Of course, f is also defined in A 0 ∪ · · · ∪ A k−1 and one can iterate f k at points in A 0 , in particular the image of the point (λ 0 (ν −k−1 ), z −k−1 ) ∈ A 0 under f k is a point having second coordinate z −1 , denote it by (x k , z −1 ) in A k . Next extend φ to A k+1 in order to satisfy only one condition: φ z−1 (x k ) = λ k+1 (1/2).
As was pointed out above, f n (P ) = (λ n (1/2), 1) for every n ≥ 0. It follows that
as required.
We finish this work with another negative result, negative in the direction of a possible classification of covering maps of the annulus.
Consider the Whitney (or strong) C 0 topology in the space of covering maps of the annulus, defined as follows: if f ∈ Cov(A) and ǫ : A → R + is a continuous function, then the ǫ−neighborhood of f is
where d is any fixed distance compatible with the topology of A. The notation for the space of C 0 maps endowed with this topology is C 0 W (A). 
Some remarks before the proof: 1. The distance d is the Euclidean distance in D. 2. If g ∈ Cov(A) belongs to a neighborhood of p d such that ǫ(x) → 0 as x → ∂A, then g(z n ) → p d (z) whenever {z n } is a sequence in A converging to a point z ∈ ∂A. Thus g extends continuously to the boundary, where it coincides with p d . 3. Note that p d is not C 0 stable, when one considers weak topology (define neigborhoods as above but with ǫ equal to a constant). This is obvious since one can create periodic points in A. 4. It is well known that the restriction of p d to its Julia set is C 1 stable. Moreover, the restriction of p d to A = C \ {0} is C 1 W stable (see [IPR] , Corollary 4). 5. Note that a homeomorphism having a hyperbolic attractor is C Proof: We will use f = p 2 and prove this case, the generalization to arbitrary degree being obvious. Then the function to be perturbed is f (x exp(it)) = x 2 exp(2it), where x is positive and t ∈ R. We will find a perturbation g of f having an invariant set with nonempty interior where g is injective. This does not exist for f .
First the perturbation of t ∈ R → 2t ∈ R. Let ρ and ρ ′ be positive numbers such that ρ ′ ≤ ρ. Then there exists an increasing continuous function φ = φ ρ,ρ ′ : R → R such that φ((−ρ, ρ)) = (−ρ ′ , ρ ′ ), φ 0 (0) = 0 and |φ(t) − 2t| ≤ 2ρ − ρ ′ for every t. Moreover, φ(t) = 2t whenever |t| > 2ρ. Moreover, one can ask the function (t, ρ, ρ ′ ) → φ ρ,ρ ′ (t) to be continuous. Let ǫ be any positive continuous function defined in D * . Note that ǫ ′ ≤ ǫ implies that the ǫ ′ -neighborhood of f is contained in the ǫ-neighborhood of f . So it can be assumed that for some positive δ, the function ǫ satisfies ǫ(x exp(it)) = ǫ(x) whenever x is positive and |t| < δ. Then assume also ǫ(x) < δ.
It is claimed now that there exists a continuous function ρ : (0, 1) → R + such that 2ρ(x) < ǫ(x) for every x ∈ (0, 1) and ρ(x 2 ) < ρ(x) for every x ≤ 1/2. Indeed, first define ρ(x) in the interval [1/4, 1/2] so that ρ(x) < 1/2ǫ(x) and ρ(1/4) < ρ(1/2). Then define ρ for x ∈ [1/16, 1/4], so as to satisfy ρ(x) < ρ( √ x) and ρ(x) < 1/2ǫ(x). Then use induction to define it in the remaining fundamental domains of the action of x → x 2 in (0, 1/2]. It is clear that ρ can be continuously extended to the whole interval (0, 1) so as to satisfy 2ρ(x) < ǫ(x).
Next proceed to the definition of g, a particular perturbation of f . Define g(x exp(it)) = x 2 exp(iφ ρ(x),ρ(x 2 ) (t)).
Note first that g is continuous, and defines a covering of the annulus, because the functions φ used in its definition are all increasing. Moreover, z = x exp(it) implies f (z) = g(z) if |t| > 2ρ(x), in particular, if |t| > δ. For other values of t (|t| ≤ δ), and any x ∈ (0, 1), it comes that: |g(z) − f (z)| = x 2 | exp(iφ ρ(x),ρ(x 2 ) (t) − exp(2it)| ≤ x 2 |φ ρ(x),ρ(x 2 ) (t) − 2t| < 2ρ(x) − ρ(x 2 ) < 2ρ(x) < ǫ(x) = ǫ(z)
Therefore g belongs to the ǫ-neighborhood of f . It remains to show that g is not conjugate to f . Note that the set R := {x exp(it) : x < 1/2, |t| < ρ(x)} is forward invariant under g, because g(x exp(it)) = x 2 exp(iφ(t)) and |φ(t)| < ρ(x 2 ) if |t| < ρ(x). But g is injective on R, and R has nonempty interior. Thus f and g cannot be conjugate.
Some final comments and questions.
The problem of classifying coverings is very complicated, we cannot even imagine a classification of a neighborhood of the "simplest" map p d . One simple question, whose answer we still don't know is if every Whitney C 0 perturbation of p d has a covering by fundamental domains. In the perturbation made above, the invariant foliation by circles centered at the origin is preserved.
It may be easy to see that no covering of A of degree |d| > 1 is C 0 W (A) stable, but we won't give a proof of this here.
The question of the existence of periodic points for covering maps of the annulus will be considered in a following article. For example it will be proved that a covering of degree greater than one having an invariant continuum must have fixed points.
It is natural to consider the rotation number for coverings of the annulus as defined in section 2.1. That is, given a lift F : (0, 1) × R → (0, 1) × R of f , take a point (x 0 , y 0 ) ∈ (0, 1) × R and define ρ(x 0 , y 0 ) = lim n→+∞ y n d n , whenever this limit exists, and where (x n , y n ) = F n (x 0 , y 0 ). See Corollary 5 where conditions are given to assure the existence of the limit. Of course, the converse of that Corollary is not true. What conclusions can be drawn if, for example, this limit exists for every point? Does it necessarily define a continuous function?
